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A THEORETICAL AND EXPERlMENTAL STUDY OF HYPERSONIC FLOW 

OVER FLARED BODIES AT INCIDENCE 

By John V. Rakich and Gene P. Menees 
Ames Research Center 

The inv isc id  flow over f l a r e d  bodies a t  angle of a t t ack  i s  invest igated.  
Experimental pressure d i s t r ibu t ions  are presented f o r  bodies with a hemispheri
c a l  nose and with a conical  nose. D a t a  are shown f o r  Mach numbers of 5.2, 7.4, 
and 10.5 and f o r  angles of a t t ack  of Oo, So, and 10'. The models are provided 
with a means f o r  removing t h e  boundary layer  upstream of  the  f lare  t o  e l iminate  
shock-induced separation. 

A per turbat ion method i s  developed f o r  t he  numerical ca lcu la t ion  of the  
f l a r e  shock conditions, and t h e  r e su l t i ng  equations a re  incorporated in to  a 
computer program based on the  l inear ized  cha rac t e r i s t i c s  method. Comparisons 
a re  made with experiment and with other  more approximate theor ies  which have 
been developed f o r  f l a r e d  bodies. 

INTRODUCTION 

Aircraf t  and spacecraft  designers are of ten  faced with t h e  problem of 
predict ing the  aerodynamic forces  on bodies t h a t  have compression corners on 
the  surface.  A p a r t i c u l a r  example i s  the  class of f l a r e - s t ab i l i zed  en t ry  
bodies made up of a cyl inder  followed by a conical  frustum. If t h e  flow 
approaching t h e  f lare  i s  loca l ly  supersonic, a shock wave i s  formed near t h e  
corner between the cyl inder  and flare. This s b c k  i n t e r a c t s  with t h e  boundary 
layer  on t h e  cylinder ahead of t h e  corner, and t h e  boundary l aye r  per turbs  the  
flow approaching the  f lare .  Thus ,  ca lcu la t ion  of t h e  inv isc id  and boundary 
layer  flow i s  coupled, making t h e  analysis  of both more d i f f i c u l t .  The embed
ded shock can cause the  boundary layer  t o  separate,  and can therefore  have a 
la rge  e f f e c t  on the  inv isc id  flow. The aerodynamic s t a b i l i t y  a t  s m a l l  angles 
of a t t ack  i s  espec ia l ly  sens i t i ve  t o  t h i s  in te rac t ion .  Even the  development 
of uncoupled inv isc id  theor ies  has been hindered by the  f a c t  t h a t  experimental 
r e s u l t s  have usua l ly  had various degrees of boundary-layer shock-wave 
in te rac t ion .  

Numerous attempts have been made t o  pred ic t  t h e  inv isc id  flow over f l a r e d  
bodies a t  incidence (see,  e.g., refs. 1 t o  5 ) .  These ex i s t ing  theo r i e s  have 
tended t o  be empirical  and have consisted of patching together various simple 
flows. While adequate f o r  most preliminary design purposes, these theo r i e s  
have some def ic ienc ies  which appear i n  comparisons with experiment (see ref. 2), 
and it i s  not possible  t o  determine whether t h e  differences are due t o  approx
imations i n  the  theory or t o  viscous e f f e c t s  i n  the  experiments. The present 
paper therefore  has a dual  purpose. F i r s t ,  an attempt i s  made t o  apply exact 
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numerical methods t o  determine t h e  per turbat ions t o  the flow over f l a r e d  
bodies a t  incidence. Second, r e s u l t s  of experiments a re  presented i n  which the  
e f f e c t s  of boundary-layer in te rac t ion  have been purposely suppressed by leaving 
a s m a l l  gap between the  body and the  f l a r e  through which t h e  boundary layer  can 
escape. The re su l t i ng  pressure d i s t r ibu t ions  can then be compared d i r e c t l y  
with inv isc id  theo r i e s  and thereby i l l u s t r a t e  any def ic iencies  of t he  theor ies .  

Computer programs applicable t o  f l a r e d  bodies at  zero incidence have been 
developed a t  Ames Research Center ( r e f .  6) and elsewhere. A program based on 
the  l inear ized  cha rac t e r i s t i c s  method has a l so  been used i n  references 7 and 8 
t o  ca lcu la te  t he  f i r s t - o r d e r  e f f e c t s  of  angle of  a t tack  f o r  smooth bodies. I n  
the  present repor t  t he  l inear ized  cha rac t e r i s t i c s  method i s  extended and 
applied t o  f l o w s  with embedded o r  secondary shocks. The r e s u l t s  of sample c a l 
culat ions a re  compared with experimental pressure d i s t r ibu t ions  obtained from 
the  d e s  3.5-Foot Hypersonic Wind Tunnel. A l s o ,  f o rce  coef f ic ien ts  and centers  
of pressure predicted by theory are compared with in tegra ted  experimental pres
sures and with other  theor ies .  
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SYMBOLS 


speed of  sound 

fld2reference area,  -4 
a x i a l  force  coef f ic ien t  (excluding viscous and base drag) , 

a x i a l  force  
%A 


normal-force coef f ic ien t ,  normal force  
%* 

P - Pa pressure coef f ic ien t ,  
% 

diameter of cy l ind r i ca l  body segment 

enthalpy 

body curvature 

shock-wave curvature 

pressure gradient  along a s t r a i g h t  shock 

flow-angle gradient along a s t r a i g h t  shock 

Mach nmber ,  va 
pres  sure  

PV2dynamic pressure,  -2 
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e 

radial distance to shock wave 


blunt body nose radius 


entropy 


streamline coordinates (see fig. 1) 


velocity component in x direction 


velocity component in r direction 

scalar magnitude of velocity vector 


velocity vector 


velocity component in circumferential direction (crossflow velocity) 


distance along a shock wave 


distance to center of pressure 


cylindrical coordinates 


rectangular coordinates 


distance from center of spherical nose, X = x - Rb 

angle of attack 


JM2 - 1 

specific heat ratio 


0 for two-dimensionalflow, 1 for axisymmetric flow 


angle between shock wave and flow direction 


flow angle measured from x axis in meridional plane (see fig. I), 

tan-l v
U 


characteristic coordinates 


density 


shock-wave angle measured from x axis 


crossflow angle (see fig. I), sin-1 W/V 


azimuthal coordinate, cylindrical coordinates 
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Subsc r i p ts 

body boundary condition 

downstream sho ck conditions 

shock boundary condition 

upstream shock conditions 

zero-order var iab le  from so lu t ion  of zero incidence flow f i e l d  

f i r s t - o r d e r  per turbat ion var iable ,  implies a der iva t ive  with 

respect  t o  a which i s  a funct ion of x and r only 

CO free-stream conditions 

a der iva t ive  with respect  t o  a 

Superscr ipts  

A,B, . . . poin ts  i n  t h e  f l o w  f i e l d  

? coordinates f ixed  with respect  t o  body axes 

coordinates f ixed  with respect  t o  shock axes 

THEORY 

Linearized cha rac t e r i s t i c s  theory has been applied t o  a number of prob
lems involving smooth body shapes (see,  e .g . ,  r e f s .  7 t o  9 ) .  I n  t h i s  sect ion 
the  method w i l l  be applied t o  bodies with a compression corner which develops 
a shock embedded i n  a nonuniform f l o w  f i e l d .  The corner angle i s  r e s t r i c t e d  
only by the  condition t h a t  t he  shock must be attached and the  flow behind the  
shock supersonic. The equations and boundary conditions are l inear ized  with 
respect t o  t h e  angle of a t tack,  a. Thus the  method y ie lds  information about 
t he  f i r s t -o rde r  changes of the  f l o w  f i e l d  as a r e s u l t  of a small change i n  
angle of  a t tack .  It depends on the  p r i o r  so lu t ion  of t he  flow at zero  i n c i 
dence and on prescribed i n i t i a l  conditions.  I n  the  present case the  solut ions 
f o r  zero incidence a re  obtained with the  computer programs described i n  r e f e r 
ences 6 and 10. I n i t i a l  conditions f o r  pointed bodies a re  obtained from cone 
theory as described i n  reference 8. I n i t i a l  conditions f o r  spher ica l ly  blunted 
bodies, t o  which present appl icat ions a re  r e s t r i c t e d ,  depend only on the  a x i 
symmetric solut ion which i s  calculated by the  inverse method ( r e f .  10) .  

The l inear ized  cha rac t e r i s t i c s  equations w i l l  be out l ined b r i e f l y  i n  t h e  
following pages, and the  boundary conditions f o r  an embedded shock w i l l  be 
derived. The reader who does not care  t o  follow the  d e t a i l s  of t h e  der ivat ion 
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may t u r n  d i r e c t l y  t o  the  sec t ion  on Calculation Procedure. One should, how
ever, take note of equations (1)below which define t h e  nota t ion  used f o r  t he  
per turbat ion var iables .  A sketch of t h e  coordinate axes and flow d i r ec t ion  
angles i s  presented i n  figure 1. 

Perturb a tion Equations 

The problem of ca lcu la t ing  the  per turbat ion flow f i e l d  f o r  a body with a 
compression corner d i f f e r s  from t h a t  f o r  a smooth body only i n  t h e  d e t a i l s  of 
t he  embedded shock calculat ion.  Therefore, before t h e  embedded shock i s  d i s 
cussed the equations used i n  references 7 and 8 f o r  smooth bodies w i l l  be 
l i s t e d .  I n  the  present form these equations apply t o  per fec t  or r e a l  gases i n  
thermodynamic equilibrium. The subscr ipt  0 i s  used t o  i den t i fy  a quant i ty  
obtained from the  zero angle-of-attack solut ion ( a  known quant i ty) ,  and t h e  
subscr ipt  1 i s  used f o r  t h e  unknown perturbat ion var iables  defined by 

and so on. One should note t h a t  t he  per turbat ion var iables  are independent of  
the  meridional angle, @.Therefore the  analysis  can be made i n  any meridional 
plane; the  leeward plane of symmetry i s  chosen i n  t he  present case. 

The bas ic  per turbat ion equations, i n  terms of cha rac t e r i s t i c  coordinates 
E, 7 ,  are  

&- -  
1 - E - G
7as aspovo 


where 
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and 

Two addi t iona l  equations give the  gradients  of t h e  crossflow angle and entropy 
per turbat ions along the  zero  angle-of-attack streamline, so, which i s  the  
t h i r d  cha rac t e r i s t i c  d i rec t ion .  These a re  

and 

The energy equation and t h e  equation of  state a re  needed t o  complete the  system 
of equations. I n  terms of t he  per turbat ion var iables  these equations take t h e  
following form: 

Energy 

h l  + V o V l  = 0 (5 )  
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Sta t e  . 


The p a r t i a l  der ivat ives  i n  eqGations (6)  can be wr i t t en  e x p l i c i t l y  f o r  a per 
f e c t  gas but  must be found numerically for a real gas as described i n  r e fe r 
ence 8 .  One supplementary equation t h a t  i s  needed for t he  present development
i s  

w1 = VOcpl  ( 7 )  
which gives the fami l ia r  crossflow ve loc i ty  per turbat ion i n  terms of the  cross-
flow angle per turbat ion t h a t  appears i n  the  previous equations. 

The i n i t i a l  conditions must specify the  per turbat ion var iables  along a 
noncharacter is t ic  l i n e  between t h e  body and the  shock i n  a supersonic f l o w  
region. A t  t he  present time, i n i t i a l  conditions a re  avai lable  only f o r  pointed 
cones and spheres. I n  the  present paper, appl icat ion i s  made only t o  a spheri
c a l l y  t ipped body, and t h e  per turbat ion var iables  a re  a l l  zero  on the  s t a r t i n g  
l i n e  i n  t h i s  case. 

Boundary Conditions f o r  Smooth Bodies 

Although the  equations given above a re  independent of the  pa r t i cu la r  
choice of reference axes, t h e i r  boundary conditions a re  not. These conditions 
w i l l  vary depending on t h e  choice of axes. I n  t h e  present development the  
boundary conditions a re  given i n  terms of wind axes. Thus at the  body one has 

where 

f o r  a spherical  nose 

= l S l ) c o n e  f o r  a pointed nose 

7 
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A t  the bow shock t h e  per turba t ion  conditions are 

The t w o  new per turba t ion  parameters introduced i n  equations (10) and (11)are 
the  shock angular per turbat ion,  01, and r a d i a l  per turbat ion,  R1. They are 
r e l a t ed  geometrically by t h e  r e l a t i o n  

m1 
- 01see2 crodx 

The der iva t ives  with respect  t o  shock angle, cr, can be obtained from t h e  usua l  
shock equations, and a r e  evaluated i n  appendix A. 

Equations (1)through (12) completely specify the  per turbat ion problem 
f o r  smooth bodies. They apply a l so  f o r  cornered bodies except f o r  the  immedi
ate v i c i n i t y  of t h e  embedded shock. A t  a corner with an attached shock the  
term K i n  equation (9)w i l l  change, and a l l  along the  shock t h e  jump condi
t i ons  given i n  equations (10) and (11)w i l l  be complicated by the  nonuniform 
upstream conditions.  These generalized shock conditions a re  developed next.  

Shock wave for :  

R

I - = x  
Sketch (a) 
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Boundary Conditions f o r  an Embedded 
Shock 

Shock conditions f o r  .TJ, p a - 6-1.-
Consider f i r s t  a point  on the  shock 
some dis tance from the  body and i n  the  
leeward plane of symmetry. The upstream 
conditions are nonuniform and the  shock 
i s  displaced, as shown i n  sketch ( a ) ,  
as a resul t  of  pi tching the  body t o  
angle of a t t ack  a,. For t h e  develop
ment of t h e  per turbat ion shock condi
t i ons ,  it i s  convenient t o  introduce a 
der iva t ive  following the  shock wave, 
t h a t  i s ,  t he  r a t e  of change of a quan
t i t y  with respect  t o  coordinates f ixed  
with the  shock wave. Thus the  notat ion 
D/k i s  used t o  ind ica te  the  deriva
t ive 



I n  terms of t h e  o r i g i n a l  notat ion defined i n  equations (l), one may wri te ,  
making use of a double prime superscr ipt  

p l " (x , r )  5 -1 Dp(x,r,@) 
cos 0 Dcc 

1 De(x,r,@)e l ' ' ( x , r )  = -
Da,cos @ 

1 W(x,r ,@)cpl''(x,r) = - Das i n  @ 

The der iva t ive  D/Da can be wr i t t en  i n  a more su i tab le  f o r m  by expanding f l o w  
var iab les  i n  a s e r i e s  i n  terms of t he  r a d i a l  dis tance f r o m  point  A. Using 
the  pressure as am example, one has 

The per turbat ion expansions, i n  terms of wind axes, 

a r e  now introduced i n  equation (l5), and the  r e s u l t  subs t i tu ted  in to  equation
( 1 3 ) .  (Note t h a t  t h e  subscr ip ts  1 and a are synonymous here s ince the  anal
y s i s  i s  made i n  the  plane @ = 0. )  Terms of order a2 are eliminated i n  the  
l imi t ing  process, and the re  r e s u l t s  

where it i s  understood t h a t  a l l  quan t i t i e s  are evaluated a t  point  A. This 
gives the  f i r s t - o r d e r  expansion of the  shock der iva t ive  i n  terms of quan t i t i e s  
evaluated i n  wind axes. Since t h e  present calculat ions are  made i n  terms of 
wind axes, the  necessary shock conditions can now be e a s i l y  formulated with 
the  use of equation (17). The equations giving the  jump conditions across a 
shock wave may be wr i t ten  general ly  as 

9 




where cu = G - e, (1-9) 

and t h e  subscr ipts  d and u r e f e r  t o  conditions downstream and upstream from 
t h e  shock wave, respect ively.  Di f fe ren t ia t ing  equations (18) y ie lds  

These equations contain a 4 x 3 matrix of  p a r t i a l  der iva t ives  with respect  t o  
upstream conditions.  Evaluation of these  der iva t ives  f r o m  equations (18) 
i s  discussed i n  d e t a i l  i n  appendix A. The presence i n  equations (20) of these  
upstream der iva t ives  i s  one e s s e n t i a l  difference between the  embedded shock 
conditions and equations (10) f o r  t he  bow shock with uniform upstream condi
t ions .  In  the  case of uniform upstream conditions, only der iva t ives  with 
respect  t o  tu remain i n  equations (20),  and these may be wri t ten,  without 
l o s s  of general i ty ,  as 

since the  p a r t i a l  der iva t ive  implies t h a t  8, i s  constant.  However, a l l  of 
t he  terms i n  equations (20) must be re ta ined  f o r  t h e  present problem. 

The las t  s tep  needed t o  put  t he  shock conditions i n t o  t h e i r  desired form 
i s  t o  introduce equation (1.7) i n t o  equations (20) .  The r e s u l t  (noting t h a t  
aa0/& = 0 )  i s  

10 




Equations (22) are the  desired general izat ions of equations (10).  They contain 
addi t ional  t e r m s  which r e f l e c t  t he  presence of u-pstream gradients i n  the bas i c  
zero incidence flow f i e l d ,  and upstream perturbat ions due t o  incidence. These 
upstream influences are mult ipl ied by weighting f ac to r s  
shock equations. The weighting f ac to r s  axe the  p a r t i a l  
i n  appendix A. 

determined from the  
der ivat ives  evaluated 

Shock conditions f o r  t he  crossflow angle, (~1.-The condition on the  cross-
flow an-gle i s  somewhat simpler due t o  the  fact  t h a t  cp = 0 everywhere f o r  zero 
incidence. The present der ivat ion i s  therefore  bas i ca l ly  the  same as t h a t  
given i n  greater  d e t a i l  i n  reference 7. A n  addi t iona l  t e r m  w i l l  appear, how
ever, which i s  due t o  the  crossflow angle per turbat ion upstream of the  shock. 

I n  t e r m s  of shock or iented coordinates, it i s  c l ea r  t h a t  
11 11 

Wld = w1u 

This equation states t h a t  t he  veloci ty  component tangent t o  the  shock i s  
unchanged as required by the momentum equation. U s e  of equation (7)  then 
gives 

The following equation, derived i n  reference 7 t o  transform cp from shock t o  
wind axes, 



may be applied t o  equation (24) with t h e  r e s u l t  

or 


For t h e  bow shock wave 

and eo, = o 

so t h a t  equation (26) reduces t o  equation (11). However, f o r  a shock embedded 
i n  a nonuniform f i e l d ,  the  more general  expression (26) i s  needed. 

-Shock conditions .at the  corner.- The shock conditions derived above 
depend l inea r ly  on t h e  shock angular per turbat ion,  o l ,  and t he  r a d i a l  pe r tu r 
bation, R1. The ca lcu la t ion  of these shock per turbat ion parameters f o r  a 
general  shock point  w i l l  be out l ined i n  the  next sect ion.  Their i n i t i a l  
values, at t h e  surface of t h e  body, are ca lcu la ted  i n  a d i f f e ren t  manner as 
out l ined i n  t h e  present  section. 

J u s t  as t h e  shock conditions are most e a s i l y  found with t h e  use of shock 
or iented coordinates, the present analysis  i s  s implif ied by body axes. V a r i 
ables  expressed i n  body axes w i l l  be iden t i f i ed  by a prime superscr ipt .  Refer-

A. Position of corner for Q = O  
B. Position of corner for Q > O  

r 

- - - - - - - - ~ ~ x  


x = X + R b  

Sketch (b)  

r ing  t o  sketch (b) ,  one has 

(27) 


I n  terms of body axes, t h e  surface 
boundary condition i s  

(w)B0 (28)= 

for both the  upstream and downstream 
flow-angle per turbat ions.  Making use 
of t h i s  condition, while d i f f e r e n t i a t 
ing t h e  shock r e l a t ions  (eqs. (18)), 
one obtains  

12 




The p a r t i a l  der iva t ives  used here are those introduced i n  equations (20) .  
Equation ( 2 9 ~ )gives the  i n i t i a l  value of the  shock angular per turbat ion i n  
t e r m s  of body axes 

The shock r a d i a l  per turbat ion i s ,  of course, zero when following the  body 

(R19B = 0 (31.1 

Equations (29a) and (29b) together  with the  equation of s t a t e  (eqs .  ( 6 ) )  y i e ld  
the  jump condition f o r  t h e  entropy perturbation'  

which, i n  turn,  def ines  the  new value f o r  the  constant, K, i n  equation ( 9 ) ;  
t h a t  i s  

?K = sld (33) 

downstream of t he  corner. 

Equations (29) t o  (33) complete the  boundary conditions f o r  t h e  corner, 
but  they must be converted t o  wind axes t o  be consis tent  with the  r e s t  of the  
analysis .  This conversion has been discussed i n  d e t a i l  i n  reference 7, and 
only the  r e s u l t s  w i l l  be given here. These a re :  

- .  

'-The condition, K = O i n  equation (9),  implies a constant entropy on t h e  
surface of  a spher ica l ly  t ipped body at incidence. It i s  noteworthy t h a t  
behind a corner t h e  entropy var ies  as cos tDt i n  accordance with equation 
(32).  This i s  an example of a s i tua t ion  where a body a t  incidence does not 
have a constant entropy everywhere on i t s  surface. 



The transformations f o r  entropy and f l o w  angle have already been given i n  
equations (8) and (9) above, and equation (26) f o r  t h e  crossflow angle appl ies  
here a l so  without change. The der ivat ive,  dao/dx, appearing i n  equation (36) 
i s  r e l a t ed  t o  t he  shock curvature at zero incidence. It w i l l  not, i n  general, 
be zero when the  upstream conditions a re  nonuniform. The der ivat ive of the  
shock angle with respect  t o  x can be obtained from t h e  shock curvature which 
i s  evaluated i n  appendix A. 

This completes the  spec i f ica t ion  of the  per turbat ion shock conditions i n  
a nonuniform stream. The next sect ion presents  a b r i e f  descr ipt ion of how the 
ca lcu la t ion  of a t y p i c a l  shock point  i s  performed. 

Calculation Procedure 

The equations and boundary conditions presented i n  t h e  previous sect ions 
can be used t o  ca l cu la t e  numerically the  e n t i r e  per turbat ion f i e l d  on a charac
t e r i s t i c  mesh evaluated f o r  zero incidence. This ca lcu la t ion  has been pro
grammed i n  conjunction with t h e  axisymmetric program described i n  reference 6. 
After each point  i n  the  f i e l d  i s  solved f o r  a = 0, the  gradients  of the  ax i 
symmetric f i e l d  a re  evaluated, and the per turbat ion equations solved. The ca l 
culat ion f o r  smooth bodies i s  described i n  reference 7. I n  t h i s  sect ion the  
d e t a i l s  of t he  embedded shock ca lcu la t ion  are out l ined.  

Gradients of the  a = 0_ _f i e l d . - The coe f f i c i en t s  of t he  per turbat ion equa
t ions  and the  boundary conditions contain der iva t ives ,  o r  gradients,  of the 
zero incidence flow variables ,  po, po, eo, Vo, So. These gradients  play an 
important p a r t  i n  t h e  solution, and i n  t he  shock conditions i n  pa r t i cu la r .  For 
a general  f i e l d  point,  a simple, l i n e a r  backward difference method i s  s u f f i 
c i en t ly  accurate t o  give good r e s u l t s .  However, immediately behind a shock 
wave, such methods a re  not sa t i s fac tory ,  i n  general .  A method which makes use 
of the  shock curvature i n  conjunction with the  equations of motion w a s  there
fo re  adopted and i s  described i n  appendix A. 
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Corner poin t . - A t yp ica l  charac
t e r i s t i c  mesh i n  t h e  v i c i n i t y  of a 
corner i s  shown i n  sketch ( e ) .  The 
f i c t i t i o u s  point  C ( l a te r  t o  be d i s 
carded) i s  f i r s t  calculated i n  the 
usual  way by neglecting the  corner. 
Conditions upstream of the  shock a t  
poin t  B1 are then calculated by 
l i n e a r  in te rpola t ion  between A-C, and 
at  point  F' by in te rpola t ion  along 
D-E-C. Conditions a t  poin t  B, down
stream of the  shock, are then obtained 

Sketch ( e )  by straightforward appl icat ion of equa
t ions  (29) t o  (36). The calculat ion of 

conditions a t  point  F i s  d i f f e ren t  from that  f o r  a general  shock point  since 
the f i e l d  downstream of the  shock i s  unknown at  t h i s  stage i n  the  calculat ion.  
An approximation t o  the  shock angular perturbation, 01, at  point  F i s  
obtained if  the corner boundary condition (eq. (28))  i s  assumed t o  apply there .  
This assumes t h a t  dol/* i s  s m a l l .  Downstream conditions at poin t  F can 
then be obtained with equations (29) t o  (36),  and w i t h  corresponding upstream 
conditions. 

I n  the  f i r s t  attempts t o  perform the numerical calculat ions,  t he  shock 
angle at point  F w a s  assumed equal t o  the value on the  body a t  po in t  B. 
This procedure, which neglects  doo/dx, w a s  used successfully i n  reference 6 
f o r  zero incidence flows, but  it caused large e r ro r s  i n  the  present perturba
t i o n  solution. It w a s  thus necessary t o  calculate  the shock curvature at point  
B, and m a k e  use of t h i s  information t o  obtain a be t t e r  approximation t o  t h e  
shock angle, oo, a t  point  F. The equations developed i n  appendix A were used 
f o r  t h i s  purpose. 

General shock point_.- A t yp ica l  cha rac t e r i s t i c  mesh f o r  a general  shock 
point  i s  shown i n  sketch (d). The f i c t i t i o u s  point  D i s  f i r s t  calculated,  

E 

I 
Sketch (a) 

and upstream conditions a t  point  C 1  
are  obtained by l i n e a r  in te rpola t ion  
along DE. Conditions a t  point  A are 
a l s o  obtained by in te rpola t ion  using 
points  B and F ( these are known from 
the previous shock point  or, i n i t i a l l y ,  
from the  corner po in t ) .  One can now 
apply equation (2a) along the  coor
dinate  from A t o  C ,  equation (12) 
along the  shock from B t o  C,  and equa
t ions  (22a) and (22c) at point  C.  
These are wri t ten i n  f i n i t e  difference 
form as follows : 



where 
P Oa:-

P0Vo2 


b = 1. (xc - g ) s e c 2  bo2 

and d, e, f ,  and g can be iden t i f i ed  by comparing equations (39) and (40) 
with equations (22a) and (22c) .  The four  equations (37) t o  (40) i n  t e r m s  of 
t he  unknowns plc ,  e1C, blC, and R 1 c  can be solved f o r  alc. A l l  of t h e  
remaining var iab les  are then obtained by d i r e c t  subs t i tu t ion .  The procedure 
i s  i t e r a t ed ,  making use of average values f o r  t h e  coef f ic ien ts ,  u n t i l  conver
gence of the pressure perturbation, plc, i s  obtained. 

The inv isc id  theory developed i n  the  preceding pages i s  an exact numerical 
solut ion t o  t h e  f i r s t - o r d e r  angle-of-attack per turbat ion of the  flow f i e l d ;  
t h a t  is, it y ie lds  t h e  exact i n i t i a l  slope of t he  pressure and other  flow vari
ables .  The l a r g e s t  angle of a t t ack  f o r  which t h i s  l i n e a r  approximation may be 
applied depends, of course, on the  degree of nonl inear i ty  of the  ac tua l  flow. 
This nonl inear i ty  can be assessed a t  present only by comparison with the  proper 
experiment. An experimental program su i ted  t o  t h i s  purpose has been conducted 
and w i l l  be described i n  the  following sect ion.  

EXPERLMENT 

I n  order t o  check the  app l i cab i l i t y  of  t he  per turbat ion theory, and t o  
provide bas ic  pressure data, a t e s t  program w a s  conducted with the  models shown 
i n  figure 2. A b r i e f  descr ipt ion of  these  tes ts  follows. 

Fac i l t y  and Test Procedure 

The experimental study w a s  conducted i n  the  Ames 3.5-Foot Hypersonic Blow-
down Wind Tunnel at Mach numbers of 5.2, 7.4, and 10.5 and stagnation pres
sures of 13.6, 102.0, and 122.5 atmospheres (200, 1500,and 1800 p s i ) ,  respec
t ive ly ,  and at a constant stagnation temperature of  1166' K. The corresponding 
Reynolds numbers based on model length w e r e  approximately 0. 9x106 a t  M = 5.2, 

a t  M = 7.4, and 1.7~10~3 . 5 ~ 1 0 ~  a t  M = 10.5.  Data were taken a t  angles of 
a t t ack  of approximately Oo, 5', and loo during an average t o t a l  t e s t i n g  t i m e  
of approximately 1minute. A more general  descr ip t ion  of t he  t e s t  f a c i l i t y  
and i t s  instrumentation i s  given i n  reference 11. A recent  modification t o  
the  f a c i l i t y  permits t he  t e s t  models t o  be inser ted  in to  t h e  tes t  sect ion only 
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during the  period when steady flow e x i s t s .  This innovation w a s  used f o r  the  
present t e s t s  and g rea t ly  a l l e v i a t e s  t he  e f f e c t s  of heating and stopping loads 
on the  t e s t  models and instrumentation. 

Models and Apparatus 

The models were constructed of s t a i n l e s s  s t e e l  and consisted of t w o  i n t e r 
changeable noses, a cy l ind r i ca l  center  section, and conical  f l a r e  with a f l a r e  
angle of 16.5'. The nose shapes were a hemisphere and a 22-1/2' half-angle 
cone. A photograph of the hemispherical-nose model i s  shown i n  f igu re  2(a)  
while a dimensional sketch, along with other  d e t a i l s  of t h e  t e s t  models, i s  
presented i n  f igu re  2(b) .  The technique used i n  constructing t h e  f lare proved 
t o  be successful i n  bleeding o f f  t he  boundary layer  and, hence, i n  eliminating 
flare-induced separation on the  cy l ind r i ca l  port ion of t h e  body (see r e f .  12) .  
It consisted of making the  f l a r e  hollow and providing a gap between the  f lare  
and body cylinder.  A gap s i z e  of 5 percent of the  diameter of t h e  body cy l in
der w a s  found t o  be su i t ab le  f o r  the  present t e s t s .  This gap s i z e  w a s  s l i g h t l y  
i n  excess of t he  maximum boundary-layer thickness a t  t h e  f lare estimated f o r  
t he  present models and t e s t  conditions.  Preliminary tes ts  were a l s o  made i n  
which the  gap s i z e  w a s  varied f r o m  about 3 t o  6 percent t o  determine if the  
pressures i n  the  v i c i n i t y  of t h e  f l a r e  were affected.  The r e s u l t s  of these 
t e s t s  showed t h a t  t he  magnitude of t he  body pressures w a s  not a f fec ted  as long 
as  the  s i ze  of t he  f l a r e  gap w a s  su f f i c i en t ly  large t o  prevent separation. 
Visible  surface films were used i n  these t e s t s  t o  ve r i fy  t h a t  boundary-layer 
separation had been eliminated with t h e  chosen gap. 

The models w e r e  provided with th i r ty-n ine  1.07 mm (0.042 i n .  ) diameter 
pressure o r i f i c e s  d i s t r ibu ted  i n  two rows, 180° apart .  S t a in l e s s - s t ee l  pres
sure tubing, 1.59 mm O.D. (0.0625 i n . ) ,  w a s  brazed i n t o  the  w a l l s  of the  
models and led out through t h e  base of the  f l a r e .  About 3 f e e t  aft of the  
f l a r e ,  the s t a i n l e s s - s t e e l  tubing was joined t o  Viton high-temperature, f l e x 
i b l e  tubing, 0.79 mm I . D .  (0.0375 i n . )  and 3.18 mm O.D. (0.125 i n . ) ,  which led  
t o  the  pressure c e l l s .  The t o t a l  length of pressure tubing w a s  about 4 meters. 
A t a b l e  giving the  locat ion of t he  pressure o r i f i c e s  on the  t e s t  models i s  
presented i n  f igu re  2 ( b ) .  

Instrumentation and Accuracy of  Results 

The three  ranges of strain-gage pressure c e l l s  employed i n  the  t e s t s  were 
0.34, 0.68, and 3.4 atmospheres (5, 10, and 50 p s i ) .  The c e l l s  were chosen t o  
give maximum accuracy i n  measuring the  pressures a t  a given model locat ion f o r  
each t e s t  condition. A l s o ,  t he  pressure which w a s  an t ic ipa ted  t o  be lowest 
w a s  monitored on an oscil lograph, and t h e  da ta  were recorded when t h i s  pressure 
s t ab i l i zed .  The precis ion of t he  f i n a l  experimental da ta  i n  coe f f i c i en t  form 
depends upon the  accuracy i n  measuring the  free-stream and o r i f i c e  pressures 
and on the  uncertainty i n  determining the  free-stream dynamic pressure.  The 
estimated over -a l l  e r r o r  i n  t h e  pressure coef f ic ien t  due t o  these  uncertain
t i e s  i s  i-0.007. The m a x i m  estimated e r r o r  i n  angle of a t tack,  including 
possible  -var ia t ions  i n  free-stream angularity,  was  5 O . 3 O .  



FESITLTS AND DISCUSSION 

Surface Pressures and Shock Shapes 

The experimental r e s u l t s  f o r  body surface pressures  i n  coef f ic ien t  form 
a re  presented i n  f i g u r e s  3 and 4 f o r  t he  hemispherical- and conical-nose 
models, respect ively.  Results f o r  t h e  hemispherical-nose model a re  given f o r  
Mach numbers of 5.2, 7.4, and 10.5 and at  angles of a t t ack  of Oo, 5 O ,  and loo, 
while the  r e s u l t s  f o r  t he  conical-nose model are given f o r  Mach numbers of 5.2 
and 7 .4  and angles of a t t ack  of 0' and 50. 

Numerical ca lcu la t ions  f o r  t he  surface pressures  on t h e  spherical-nose 
model are a l s o  shown i n  f igu re  3. Theory and experiment a re  i n  agreement f o r  
a = O o ,  but d i f f e r ,  espec ia l ly  on t h e  f l a r e ,  f o r  other  angles of a t tack .  The 
probable cause of t h i s  difference i s  discussed i n  the following paragraph. 
Since per turbat ion theory has not  ye t  been developed f o r  t h e  expansion corner 
on the  conical-nose model, the numerical r e s u l t s  i n  f igu re  4 a re  only f o r  
a z o o ,  and agreement with experiment i s  exce l len t .  I n  f igu re  5 calculated 
shock shapes a re  compared with experimental r e s u l t s  from shadowgraph p ic tures  
f o r  the  blunt-nose model a t  % Mach number of  7.4. A s  t he  model i s  pitched t o  
angles of a t t ack  of  5' and 10 , t he  bow shock remains unchanged r e l a t i v e  t o  
V,, while the  f l a r e  shock must move with the  body. The f l a r e  shock a l s o  moves 
r e l a t i v e  t o  the  body, becoming c loser  t o  t h e  body on the  windward s ide and 
f a r t h e r  removed on t h e  leeward s ide.  The calculated shock shapes on the  l ee 
ward s ide and f o r  a = 00 agree well  with experiment. On the  windward s ide 
the  experimental shock i s  somewhat s teeper  and f a r t h e r  from the  body than the  
calculated r e s u l t .  

Circumferential pressure dLstribjl+on. - The comparison between theo re t i ca l  
and experimental f l a r e  pressures  f o r  t he  spherical-nose model a t  incidence 
( f i g .  3) i s  not p a r t i c u l a r l y  good, even f o r  50 angle of a t tack.  A t  10' angle 
of a t tack  the  experimental pressure i s  considerably higher than predicted by 
the  theory. On the  other  hand, t he  agreegent on the  spherical  nose and on the  
forward sect ion of t he  cylinder at a = 5 i s  very good. The reason f o r  t he  
disagreement between theory and experiment on the  rearward port ion of t he  body 
w a s  studied i n  some d e t a i l  and i s  a t t r i b u t e d  t o  t h e  increased importance of 
second order (a2)terms neglected i n  the  theory.  

I n  order t o  i l l u s t r a t e  t h i s  point,  one must look a t  the  second-order term 
i n  the  expansion of t he  pressure.  The s e r i e s  expansion in  a and CD has the  
general form (see,  e.g., r e f .  13) 

= + apl cos o + a2(p2 + p3 cos 20) c o ( ~ ~ )  ( 4 1 4  

o r  

Thus if  the  pressure i s  p lo t t ed  as a funct ion of cos O = z, the  second-order 
e f f e c t  would appear as a displacement of t h e  ordinate  a t  z = 0 by a2(p2 - p3),
and by a curvature (a2p/az2) of k2p3. To determine if  important second-order 
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e f f e c t s  were present i n  t h e  data,  addi t iona l  t e s t s  were made with pressure 
o r i f i c e s  located i n  various 0 planes. These da ta  are p lo t t ed  versus cos 0 
i n  f igu re  6 f o r  several  x s t a t ions  ahead of t he  flare; f igure  6(a)  i s  f o r  
a = 5O and f igu re  6(b)  f o r  a = 10'. Shown a lso  are the  l i nea r  pressure d i s 
t r ibu t ions  predicted by the theory. For 5O angle of a t t ack  the experimental 
var ia t ion i s  reasonably l i nea r ,  although f g r  x/d = 2.29 there  i s  a tendency 
toward a nonlinear var ia t ion .  For a = 10 , t he  f i r s t  s t a t ion  (x/d = 0.45), 
which i s  on the  sphere, shows a s l i g h t l y  nonlinear var ia t ion,  and a t  rearward 
s t a t ions  the  experimental pressure d i s t r ibu t ion  i s  increasingly nonlinear. 
There i s  a pos i t ive  curvature t o  t h e  pressure d i s t r ibu t ion  at cos 0 = 0 which 
can be a t t r i bu ted  t o  t h e  t e r m  a2p3 i n  equation (41b).  I n  f igu re  7 s i m i l a r  
da ta  a re  shown f o r  t he  f l a r e  pressures which a l s o  show t h i s  second-order effect ,  
becoming very pronounced at a = 100. On t h e  f lare  these e f f e c t s  a re  amplified 
by the  pressure r i s e  across the  shock. 

The discrepancy between theory and experiment i s  ser ious when de ta i led  
pressure d i s t r ibu t ions  are desired.  A need f o r  more exact calculat ions,  o r  
estimates of t he  second-order term i s  c l e a r l y  indicated.  However, t he  l i n e a r  
theory may s t i l l  be use fu l  f o r  predict ing normal forces  and moments at angles 
of a t t ack  much l a rge r  than t h a t  indicated by the  comparisons with pressure 
data. The reason i s  t h a t  when equations (41) a re  used f o r  the  in tegra t ion  of 
normal forces  with respect  t o  0,  the  second-order term i s  iden t i ca l ly  zero. 
Any nonl inear i ty  i n  CN and Cm (outs ide of viscous e f f e c t s )  must therefore  be 
t h i r d  order i n  a. These force  coef f ic ien ts  and the  center  of pressure f o r  t he  
blunt-nose m~del  a re  discussed next. 

Force Coeff ic ients  and Center of Pressure 

Integrat ion of elrperimental pressures.- I n  order t o  evaluate the  forces  
on the  model a t  angle of  a t t ack  it is ,  i n  general, necessary t o  in tegra te  both 
i n  the circumferent ia l  and the  longi tudinal  d i rec t ions .  For s m a l l  angles of 
a t t ack  the  circumferent ia l  pressure d i s t r ibu t ion  has a cosine var ia t ion,  and 
can therefore  be in tegra ted  exactly.  However, for the  angles of a t tack  of t he  
present t e s t s ,  it w a s  found t h a t  the  pressures deviate from the  cosine curve. 
Nevertheless, by means of arguments given i n  the previous paragraph and i l l u s 
t r a t e d  i n  f igu res  6 and 7, it i s  seen t h a t  t he  deviation i s  i n  the  same d i r ec 
t ion ,  and nearly equal, on the  windward and leeward s ides .  I n  the  case of t he  
normal force  and pi tching moment, the  addi t ions t o  t h e  cosine var ia t ion  on 
windward and leeward s ides  of  t he  body cancel. Therefore the  experimental 
pressures i n  the  plane of symmetry were used i n  conjunction with a cosine c i r 
cwnferential  d i s t r ibu t ion  t o  ca lcu la te  t h e  forces  and moments. A cosine d i s 
t r i b u t i o n  w a s  a l so  assumed i n  calculat ing the  a x i a l  force,  even though the  
second-order e f f e c t s  on opposite s ides  of t he  body do not cancel i n  t h i s  case.  
A s  a r e s u l t ,  the  experimental da ta  f o r  CA should be s l i g h t l y  high at angle 
of a t tack .  The e r ro r ,  however, i s  believed t o  be small s ince it occurs prima
r i l y  on the  f l a r e  which accounts f o r  l e s s  than 10 percent of t he  t o t a l  a x i a l  
fo rce  a t  the  t e s t  Mach numbers. Experimental da ta  f o r  the slope of  t he  normal 
force  coef f ic ien t  and the  center  of pressure a t  a = 0' were calculated with 
the  5' angle-of -a t tack  data.  
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Comparison with theory_.- Aerodynamic coe f f i c i en t s  obtained by in t eg ra t ing  
t h e  experimental pressure d i s t r ibu t ions  f o r  t h e  spher ica l ly  blunted model are 
presented i n  f igu res  8 and 9.  Figure 8 shows t h e  e f f e c t  of angle of a t tacko 
f o r  I&, = 7.4, and figure 9 shows the  va r i a t ion  with Mach number f o r  a = 0 . 
Experimental results f o r  t h e  normal-force coef f ic ien t ,  axial-force coef f ic ien t ,  
and center  of pressure a re  compared with t h e  present  theory and with t h e  theo
r i e s  of references 2 and 3. The la t ter  methods make use  of a combination of 
simple theor ies .  Jorgensen (ref. 2) assumes a l i n e a r  pressure va r i a t ion  on 
the  cylinder and appl ies  cone theory t o  t he  flare. Se i f f  (ref. 3) makes use of 
blast-wave theory on t h e  cyl inder  and Newtonian theory on t h e  f lare.  Both of 
these methods as wel l  as the  present numerical r e s u l t s  account f o r  t h e  nose 
contr ibut ion by means of modified Newtonian impact theory. 

I n  comparing r e s u l t s  f o r  varying angle of a t t ack  ( f i g .  8 ) ,  one should note 
t h a t  t he  theor ies  shown give only l i n e a r  estimates.  On the  other  hand, t he  
experimental r e s u l t s  exhib i t  t h e  ac tua l  nonlinear nature of the aerodynamic 
parameters shown. This e f f e c t  can be observed i n  t h e  normal-gorce, axial-force,  
and center-of-pressure da ta  which are  a l l  s l i g h t l y  high a t  10 angle of  a t t ack  
r e l a t i v e  t o  l i n e a r  extrapolat ions of t he  lower  angle data .  Such t rends a re  
expected; however, a t t en t ion  i s  ca l l ed  t o  the  previous sect ion where reasons 
were given f o r  expecting t h e  experimental value f o r  CA t o  be s l i g h t l y  high. 

For 50 angle of  a t t ack  the  experimental da ta  a re  i n  bes t  over -a l l  agree
ment with t h e  present  numerical calculat ions.  A l l  t he  theor ies  give essen
t i a l l y  the  same a x i a l  force,  bu t  there  a re  s izable  differences i n  normal force  
and center of pressure.  The method of Jorgensen (ref.  2) pred ic t s  normal-force 
and center-of -pressure values about 10 percent higher than t h e  present method; 
S e i f f ' s  method (ref.  3) overpredicts t h e  normal force  by about 30 percent bu t  
gives the  same center  of  pressure as the  present method. However, t he  l a t te r  
agreement i s  only f o r  a Mach number of 7.4, as can be seen i n  f igu re  9. 

The comparisons at other  Mach numbers between experiment and t h e  various 
theor ies  a re  shown i n  figure 9. Again good agreement i s  evidenced f o r  t h e  
axial-force coef f ic ien t ,  owing mainly t o  t h e  f a c t  t h a t  t h e  nose i s  the  main 
contr ibutor  t o  t h i s  force .  The present method gives t h e  b e s t  agreement with 
experimental normal-force Slopes, ( C N ~ ) ~ = ~ ,and t he  estimates of  reference 3 
a r e  cons is ten t ly  high, while those of reference 2 tend t o  be s l i g h t l y  high at  
lower Mach numbers. With regard t o  t h e  center of pressure,  (xcp/d)a,o, t he  
s i t u a t i o n  i s  somewhat reversed. Seiff '  s method gives t h e  bes t  ove r -a l l  agree
ment with the  experimental center  of pressure,  while Jorgensen's method p re 
d i c t s  a curve near ly  p a r a l l e l  t o  t he  da ta  b u t  about 8 percent too high. The 
present  method p red ic t s  a grea te r  forward s h i f t  of center  of pressure with 
increasing Mach number than t h a t  indicated by experiment. 

A s  a consequence o f  overestimating the  normal force ,  t he  method of r e f 
erence 3 a l so  overpredicts  t he  pi tching moment. This r e s u l t  w a s  observed i n  
comparisons with da ta  obtained f rom f r e e - f l i g h t  t es t s  which were reported i n  
references 4 and 14 .  The moment-curve slopes obtained from these f r e e - f l i g h t  
t e s t s  decrease more rapidly,  with increasing Mach number, than the  predict ions 
of S e i f f ' s  theory ( see  r e f .  1 4 ) .  This t rend  i s  i n  general  agreement with the 
center-of-pressure curve obtained from the  present  numerical r e s u l t s ,  bu t  not 
with the  t rend  of present  experimental data,  which shows nearly the  same center  
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of  pressure a t  Mach numbers of 7.4 and 10.5. I n  view of t h i s  difference 
between present numerical ca lcu la t ions  and experiment, addi t iona l  da ta  a t  
higher Mach numbers are needed t o  ve r i fy  the  predicted s h i f t  of  t h e  center  of 
pressure.  

CONCLUDING REMARKS 

The present study w a s  undertaken t o  provide a b e t t e r  understanding of the  
inv isc id  f l o w  over f l a r e d  bodies a t  angle of a t tack.  Pressure d i s t r ibu t ions  on 
f l a r e d  models, with hemispherical and conical noses, were measured a t  Mach num
bers  of 5.2, 7.4, and 10.5. The flares on these models were provided with a 
means f o r  boundary-layer removal i n  order t o  eliminate t h e  la rge  separated-flow 
region which would have been produced by the  f l a r e  shock. The experimental 
pressure d i s t r ibu t ions  therefore  correspond t o  an idea l ized  flow i n  which 
large-scale  viscous e f f e c t s  have been suppressed. With the  nature of t he  
inv isc id  f l o w  f i e l d  thus establ ished,  the  t a sk  of understanding flows compli
cated by viscous e f f e c t s  (which i s  the  usua l  case) should be s implif ied.  

A l inear ized  per turbat ion method w a s  developed f o r  t he  numerical calcula
t ion  of t he  f l a r e  shock conditions f o r  s m a l l  angles of a t tack,  and the  r e s u l t 
ing equations were incorporated in to  a computer program based on the  l i nea r 
ized cha rac t e r i s t i c s  method. While t h i s  method can be regarded as  being exact 
f o r  su f f i c i en t ly  s m a l l  angles of  a t tack ,  comparison with the  experimental 
pressure d i s t r ibu t ions  showed s ign i f i can t  deviations on the  f l a r e  even f o r  50 
angle of a t tack.  Since the  experimental r e s u l t s  were free of t he  e f f e c t s  of 
viscous separation, it w a s  possible  t o  show t h a t  the  difference between theory 
and experiment w a s  probably due t o  second-order (a2)terms neglected i n  the  
present method. These second-order e f f e c t s  cause the  circumferent ia l  pressure 
var ia t ion  t o  depart f r o m  the  cosine curve assumed i n  the  per turbat ion theory. 
However, t he  departure f r o m  a cosine var ia t ion  i s  an even funct ion ( i . e . ,  
cos2 @ )  and therefore  does not produce a cross force .  (This i s  i n  contrast  t o  
t h e  second-order e f f e c t s  studied i n  r e f .  1.5, which are  caused by v iscos i ty  and 
which r e s u l t  i n  a cross  fo rce . )  

The mutual cancel la t ion of pressures on windward and leeward surfaces 
thus r e s u l t s  i n  normal forces  and pi tching moments which a re  more l i n e a r  with 
a, than would be an t ic ipa ted  f r o m  a knowledge of pressure d i s t r ibu t ions  only 
i n  the  plane of symmetry. The present theory w a s  therefore  use fu l  f o r  e s t i 
mating the  normal-force curve and the  center of pressure f o r  angles of a t tack  
of about 5'. Comparisons were made with more approximate theor ies ,  which a re  
a l s o  l inear ized  with respect  t o  angle of a t tack.  The present  method w a s  i n  
b e s t  over -a l l  agreement with t h e  experimental r e s u l t s ,  bu t  it predicted a 
grea te r  decrease i n  s t a b i l i t y  with increasing Mach number than was measured 
experimentally. 

Ames Research Center 
National Aeronautics and Space Administration 

Mof fe t t  Field,  C a l i f . ,  Oct. 6, 1965 
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APPENDIX A 

EXALUATION OF SHOCK DERIVATIVES AND FLOW GRADIENTS 

BMIND A SHOCK 

Calculation of the  per turbat ion flow over a body at incidence requires  the  
knowledge of gradients  of t h e  zero incidence f i e l d .  Evaluation of the  f i e l d  
gradients  immediately behind a shock wave i s  accomplished with the  use of the  
equations of motion i n  conjunction with ce r t a in  partial  der ivat ives  which w e r e  
introduced i n  the  shock boundary conditions. These p a r t i a l  der ivat ives  
describe the  downstream influence of u n i t  changes i n  the  shock angle and condi
t i ons  upstream of the  shock. The calculat ion of t he  shock der ivat ives  from 
the  oblique shock equations i s  f i r s t  described. The equations f o r  f low-field 
gradients are then derived and t h e i r  appl icat ion t o  the  calculat ion of the  
shock-wave curvature i s  i l l u s t r a t e d .  

SHOCK-WAVE DERIVATIVES 

It i s  convenient t o  use index notat ion where f i  are the  unknown condi
t i ons  downstream of the  shock wave, and gk are the  known upstream conditions. 
Then the  shock equations which determine the  downstream conditions may be w r i t 
t en  symbolically as ( c f .  eqs. (18)) 

f i  = fi(gi,gz,g3,g4) ( A I )  

I n  par t icu lar ,  t he  var iables  are iden t i f i ed  as 

where C u = o -

Dif fe ren t ia t ing  (Al) w i t h  respect  t o  a,  as i n  equations (20), gives 

where the  tensor  afi/agk cons is t s  of the  4 x 3 matrix 
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which can be evaluated f r o m  equation ( A l )  . For a per fec t  gas, t he  shock 
equations given i n  reference 16 are used t o  obtain e x p l i c i t  r e l a t ions  f o r  the  
elements of ( A 3 ) .  These a re  l i s t e d  below: 

2 Y / ( Y  + 1.) 

aP Vu2 s i n2 cr 
-z
- PU
[(E)+(*)
(Y  + 1 Y + 1 pUvu s i n2 cr 
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ae (%)%
-= sin2 e tan cr 
apu 	 2(e cr sin2 

8-p 4pUvu sin2 cr 
- =  
8% Y + I  

r 1 


For a r e a l  gas i n  equilibrium, the  shock conditions are  impl ic i t  (?..e., 
they must be obtained by i t e r a t i o n ) ,  therefore  the  der iva t ives  above must be 
evaluated numerically. Although the  r e s u l t s  of flow-f i e l d  ca lcu la t ions  pre
sented herein axe f o r  thermally per fec t  air, it i s  in s t ruc t ive  t o  compare equa
t ions  (Ab) t o  (A12) with t h e  r e s u l t s  of numerical calculat ions f o r  d i ssoc ia ted  
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air. This comparison i s  made i n  f igu re  10 as a funct ion of t h e  upstream veloc
i t y  normal t o  the  shock. The gas proper t ies  used i n  t h e  calculat ions were 
obtained from curve f i t s  t o  equilibrium thermodynamic proper t ies  generated i n  
the  manner described i n  reference 1.7. 

Gradients of  t he  Zero Incidence Flow F ie ld  
I 

The der iva t ives  of flow var iab les  along streamlines and normal t o  t h e  
streamlines p lay  an important p a r t  i n  t h e  ca lcu la t ion  of t he  per turbat ion flow 
f i e l d .  For t h e  usua l  mesh point,  a simple l i n e a r  backward difference method 
i s  used for evaluating these  der iva t ives .  This method i s  not wel l  suited,  
however, for ca lcu la t ing  t h e  downstream gradients  along the  bow shock, and 
espec ia l ly  along an embedded shock. For these cases, a more accurate method 
i s  used which m&es use of t h e  d i f f e r e n t i a l  equations of motion d i r ec t ly .  
These a re  wr i t ten  i n  terms of streamline coordinates (see, e.g., Hayes and 
Probstein,  r e f .  18) 

where E = 0 f o r  two-dimensional flow 

E = 1 f o r  axisymmetric three-dimensional f l o w  

and s, n a re  dis tances  along and normal t o  t he  streamline.  The vector 
gradients  of p and 8 along the  shock wave may be wr i t ten  i n  terms of com
ponents along the  s, n coordinates i n  the following way (see  sketch ( e ) )  

\- Streamline 

Sketch (e)  

a' aP_ -- COS 5 -aP + s i n  5 - (A18)aw as an 

'@	- cos 5 a + s i n  5 a0 (A1.9)
aw = as  

Equations (~16)t o  ( A l g )  contain four  
unknown der iva t ives  of p and 8 with 
respect  t o  s and n i n  t e r m s  of 
gradients  along the  shock. Substi tu
t i o n  y i e lds  t h e  following expressions 
f o r  the  streamline pressure gradient 
and t h e  streamline curvature:  
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- -  -as cos2 t; - p2 sin2 t; 

as - cos2 5 - p2 sin2 5 

The remaining der iva t ives  can then be found from equations (~16)and ( A l 7 ) .  
The entropy gradient  can a l s o  be expressed i n  terms of the  gradient along t h e  
shock. I n  t h i s  case, s ince the  entropy i s  constant on streamlines, one 
obtains 

dS_ _ - -1 dS -
dn s i n  5 dW 

Equations (A20)and (A21) require  der iva t ives  of 
shock wave, evaluated on the  downstream s ide .  These 
of t he  upstream gradients ,  which a re  presumed known, 
der ivat ives  (A3); t h a t  i s  

p, 8 ,  and p along the  
can be obtained i n  terms 
by means of t he  shock 

where the  der iva t ives  agk/aW a re  determined from the  upstream gradients .  

Equation ( A 2 3 )  contains t h e  shock curvature, ao/aW, which en te r s  through 
the  der ivat ive of C u  

For a general  shock point  t he  shock curvature i s  found by a l i nea r  difference.  
Near a corner, however, t h i s  quant i ty  i s  evaluated d i f f e ren t ly  as described 
next. 
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Shock-W ave Curvature 

When a nonuniform supersonic stream flows over a compression corner, t h e  
i n i t i a l  shock angle a t  the  corner i s  equal t o  t h e  two-dimensional oblique 
shock value, and the  shock w i l l  have a f i n i t e  curvature even though the  body 
may be s t r a igh t .  On the  other  hand, a curved body w i l l  produce a curved shock 
i n  a uniform stream. The l a t te r  problem has been considered by a number of 
authors (see,  e.g., r e f .  19). I n  e i t h e r  case, t he  i n i t i a l  shock curvature can 
be evaluated from the  equations given i n  t h i s  appendix. The shock curvature 
depends on the  streamline curvature downstream of the  shock which i s  determined 
from a knowledge of t he  body shape. Equations (A23) and (A24) can be used i n  
conjunction with equation (A2l) f o r  the  streamline curvature i n  evaluating t h e  
shock-wave curvature. F i r s t ,  however, it w i l l  be convenient t o  rewri te  equa
t ions  (A23) and (A24) i n  t h e  fo rm 

where 

and where 
a.KW = aw 

i s  the  shock-wave curvature. The terms Kp and Ke represent  the  gradients  
along a s t r a igh t  shock wave, and the  remaining term represents t he  gradient  
due t o  shock curvature. Subst i tut ion of equations (A25) and (A26) i n to  (A21) 
yields ,  a f t e r  some rearranging 

� 
cosKg(cos2 5 - p2 sin2 5 )  - ([(‘I Kp tan  5 + Ke + E; s i n  e s i n  5 I 

KW = - . - . - 

ae<ao s i n  5 + -ao cos 5 
pv (A271 

where 

1 1 1  I1 -



I IIIII! l11111llIlll1ll1lI Ill1 Ill1 

i s  the  'body surface curvature behind the shock. This expression depends on 
the  body curvature, on the flow-field gradients upstream of the  shock, and on 
the  derivatives of t h e  shock-wave equations. These conditions a re  known f r o m  
the  solution of t he  flow upstream of the  corner. The i n i t i a l  shock curvature 
f o r  a two-dimensional o r  axisymmetric f l a r e  i n  a nonuniform stream i s  there
fo re  determined. 
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Figure 2.- Wind-tunnelmodels. 
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Figure 3.- Surface pressures for the hemisphere-cylinder-flare model. 
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Figure 3. - Concluded. 
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Figure 4.-Surface pressures for the cone-cylinder-flaremodel. 
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Figure 4.- Concluded. 
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Figure 5.- Comparison of calculated and experimental shock shapes for a flared body at incidence; 
w = 7.4. 
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Figure 7.-Circumferential pressure distribution for a 16.5 flare on a 
hemisphere-cylinder;% = 7.4. 
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Figure 8.-Comparison of experimental and theoretical estimates of force 
coefficients for a hemisphere-cylinder-flare;M, = 7.4. 
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Figure 10.- Shock wave derivatives. 
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